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Abstract 
Owing to the depth research on the remarkable properties of magic squares, a new recursive method for constructing high order magic squares 
will be firstly presented, based on the matrix operations, we refer to as the Kronecker compositional operations. Furthermore, popularizing this 
method, , we successfully demonstrate that large size magic squares of odd order with symmetrical and pandiagonal features can be generated 
by lower order initiators ,which leads to the impressive application in engineering computation. Finally, we enumerate two small symmetrical 
and pandiagonal magic squares.  
               
Keywords:Magic squares;  symmetrical;  pandiagonal;  construction; engineering computation
1. Background and  Introduction 
By a magic square of order n is here meant a square matrix consisting of consecutive numbers 1, 2,…,  in a way that the 
sums of the elements of each row, each column and each of  two main diagonal lines are always the same number, known as the 
magic constant  
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Recently, magic squares have been implemented widely applications in a variety of fields such as artifical intelligence, 
combinatorial analysis, graph theory, image message hiding algorithms and engineering computation[5-11].
The magic square construction is a complex permutations and combinations problem with a long history. First magic square in 
the literature is named Lo Shu magic square of order three, which was discovered by the great king Yu of China in 650BC. A 
version of  the order four magic square with numbers 15 and 14 in adjacent middle columns in the bottom row indicating the date
of the engraving 1514 is called Dürer’s magic square. Although the 880 squares of order four were enumerated in 17th Century 
and are illustrated in Berlekamp et al; the number of  order five magic squares was computed by R.Schroeppel; the number of 
order six magic squares was estimated to be (1.7745±0.0016)×1019 using Monte Carlo simulation and methods from statistical 
mechanics, nevertheless, it is still an unsolved problem to determine the number of magic squares of  an arbitrary order, 
excluding those obtained by rotation and reflection. 
General methods for the construction of order odd and even magic squares has been given by Kraitchik[1-4]. But these 
techniques not only fail  to produce magic squares of arbitrary order randomly, also fail to produce magic squares with  
additional  properties (for examples: pandiagonal magic squares , symmetrical magic squares,  parent-child  magic squares etc.).
In this paper, we are interested in constructing magic squares associated with elegant properties of symmetry and perfect, then
generalizing the technique to obtain large size magic squares.  Our recursive method is presented using non-standard matrix 
operations, the Kronecker compositional operations, which correspond to a significant portion we want to demonstrate: two 
given lower order initiators can generate higher order magic squares obeying all properties of initiators. Contrary to other 
traditional constructions, this method leads to tractable analysis and rigorous proofs. 
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The rest of this paper is established as follows: Section 2 surveys the necessary notions and theorems of magic squares; 
Section 3 gives the proposed constructive method; we present examples in Section 4, closing with some discussions. 
2. Preliminaries 
To set the stage for our discussion of constructions in this section,  i   denote the residue class of modulo n satisfying the 
following expression of relation  1 i   n , we give the notion of pandiagonal line elements. 
Definition 2.1 Let A=（aij） be a magic square of order . For each j, a set of n  elements which come from the distinct 
row and column  
n
 , 1i i ja        or       , 1i j i
a  
                                                                                     (2)              
where the value of  i runs over the set of  1, 2, , n , is called a set of  pandiagonal line elements. 
We can get 2  sets of pandiagonal line elements from (2). Especially, whenn 1j  and j n , the pandiagonal elements along 
the straight line become into and  respectively.  They are usual diagonals, hence the other 
leavings are broken diagonals. 
11 22, , , nna a a 1 2,( 1), , ,n na a a  1n
(2n  2)
Definition 2.2     Let   A=（aij） be a magic square of order . If the sum along the n-rows and columns, the usual diagonals 
and the broken diagonals all equal the magic constant, then 
n
(2 2)n  A  is called a pandiagonal magic square. It is also called 
perfect magic square. 
According to Definition2.2, the Lo Shu square mentioned above is not pandiagonal; magic squares of order four can be 
pandiagonal, here, the total number of distinct pandiagonal squares of order four is 384, which have been illustrated by Hunter
and Madachy [12-14]; the number of order five of such squares is 3600. The existences of pandiagonal magic squares follow from 
Lemma 2.1 below. 
Lemma2.1 [15]     I f there exist pandiagonal magic squares of order n, then  3n   or 4n k 2   for k any positive integer. 
Note that, there also exists a kind of magic squares, any pair of numbers symmetrically placed about the center of which sums 
to , a property making the squares even more magical. 2 1n 
Definition2.3 Let  A=（aij） be a magic square of order . If every pair of numbers symmetrically opposite the center sum 
to , then 
n
2 1n  A  is called a symmetrical magic square.  
Similarly, the Lo Shu is symmetrical but not pandiagonal. Order four squares can be pandiagonal or symmetrical, but not both. 
Order five squares are the smallest which can be both symmetrical and pandiagonal. 
Lemma2.2 [15]      I f there exist symmetrical magic squares of order n, then 4n k 2   for k any positive integer. 
In Summary: Most current constructive works focus on producing magic squares without symmetrical and pandiagonal 
properties. Actually, it is difficult to build magic squares that is both symmetrical and pandiagonal. The recursive construction
we describe in the next section will addresses these issues. 
3. Proposed Method                                                                                                                                                                           
3.1. Main idea       
The main idea is first to create high magic squares recursively. We begin with two smaller initiator magic squares A and B, 
then produce successively larger magic squares by recursion. Moreover, if we want these larger magic squares to be pandiagonal 
and symmetrical, then A and B should be pandiagonal and symmetrical. This is a property that requires some case in order to get
right, as many traditional constructions do not satisfy it. 
It turns out that the Kronectker product of two matrices is the useful tool for our discussion. The Kronectker product is 
defined as follows: 
Definition 3.1.1 (Kronecker product of matrices)    Let  A=（aij）and B=（bij）be matrices of sizes m p and 
respectively. Then the mn  matrixn q pq
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is called the Kronecker product of A and . Note that, B A B B A    generally.
Especially, here, nI is denoted as the square matrix of size n n such that its elements are all one convenient for our study.  
Example 3.1.1 
 (a) Let  be an arbitrary matrix, thenB 2
B B
I B
B B
     
. Replacing 2I by nI yields a block matrix with n copies o f .
2 B
2 2(b) Let B  be an arbitrary  matrix, then
11 11 12 12
11 11 12 12
2
21 21 22 22
21 21 22 22
b b b b
b b b b
B I
b b b b
b b b b
 
 
    
  
. The extension to arbitrary andB nI is 
obvious. 
Definition 3.1.2 (Kronecker sum of square matrices)  Let  A=（aij）and B=（bij）be square matrices of  sizes and 
respectively. Then the Kronecker sum of A and B, denote
m
n A B , is the mn mn  matrix ( ) (n m )I A B I   . Note that, 
A B B A    generally. 
                                              
Now, our attentions are focused on how to building magic squares qualified with elegant properties, which are particular 
square matrices with many strict constraint conditions. Definition 3.1and Definition 3.2 could not content our requirements. 
Hence, the operations which refer to as the Kronecker compositional operations of magic squares is introduced as follow: 
Definition 3.1.3 (Kronecker compositional operations of magic squares)    Given two initiator magic squares  A  and 
of sizes and respectively. Then the Kronecker compositional operations of A and B, denote , is the mn
B
m n A B mn  matrix 
. Note that, 2 ( ) (n mC I n I B I     )mA  A B B A    generally. 
Naturally, we double that whether the matrix formed by C A and could be a magic square of order mn generating all 
properties from
B
A and .                                                                                                                                                                                   B
3.2. Theorems and Proofs    
We shall rigorously prove the matrix to be a magic square in the Kronecker compositional operations. The next few 
theorems attribute to produce symmetrical-pandiagonal magic squares. If intending to get large size magic squares, we can iterate
the operations. 
C
Theorem3.2.1 Let ( )ijA a  and be magic squares of orders m and n respectively. Then  is a 
magic square of order mn , where  
( )ijB b ( )ijA B C c  
2 ( )ij m ij mc n A I b I                        ( , 1, 2, , ) i j n                                                              (3)               
Proof If the matrix is a magic squares, we need to show that the magic constants of the elements if each row, each column 
and two diagonals are the same number as (1). We will present the proof through three phases.
C
First-phase: Since the elements of the square matrix range over 2 (  mn A I )  2 2 2 2 20, , 2 , 3 , , ( 1)n n n m n and the elements of 
range overB  21, 2, , n , it follows from (3) that each of the elements of C  must be one of the consecutive 
integers 2 2m n1, 2, , .
Second-phase: The magic constants of elements of each of row and column equal the same value. Suppose that ( ) stij ijc c is 
a block square matrix. Using the regulation of  , we know that  C
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and
st
ijc places in of  the coordinate C ( 1) , ( 1)   s i m t j m .
      According to (1), the magic constants of A and B
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Therefore the constants of rows in clearly proving by the same way, equalC
2 2( 1
2
)mn m n
.
Third-phase: The constants of two main diagonals must be the foregoing values. If the diagonal from the upper right hand 
corner to the lower left hand corner consists of , then the value is 1, 2,( 1) ,( 1) ,1, , , , ,   n n i n i nc c c c
,( 1) ,( 1)
1 1 1 1
( 1)   
   
      
m n m n
s m s i n i
s i s i
a b 2 ,( 1) ,( 1)
1 1
( 1)
m n
s m s i n i
s i
n n a m b   
 
   
3 2 2
3( 1) ( 1)
2 2
  n m m mn nn m 2 2(
2
1) mn m n   .             
Another direction diagonal is similar to the condition above. To sum up, we conclude that C is a magic square of order 
formed by magic squares mn A and .                                                                                                                                  QEDB
As far as we are concerned, the outstanding feature of the recursive construction is that it can be used to build large size magic 
squares based on lower order initiators conveniently. 
Theorem3.2.2    Let ( )ijA a  and  be pandiagonal magic squares of orders m and respectively. Then 
 is a pandiagonal magic square of order .
( )ijB b n
A B C  mn
Proof It is suffices to show that each of the row, the column and the diagonal constants of C  is 2 2( 1)  nm m n 2  and that 
each of 1 through    occurs as an entry of by Theorem3.2.1. In this case, we only need to consider the sums of the (2n-2) 
leaving broken diagonals. 
2 2m n C
For a pandiagonal paralleling the direction from the upper right hand corner to the lower left hand corner, its elements 
beginning with the fix element of (1 in  will cut across  , )t ijc 1, 2,( 1) ,1 ( 1), ,( 1), , , , , ,   j j j j n n jc c c c c and
 continuously due to 1,( 1) 2,( 2) , ( 1),( 1) ,, , , , , ,   j j j n j nc c c c c n j  , 1  i i jc and  , 1 i j ic t m
ij mb I
.Here, . According to the 
construction of C , it obvious that the sum of these elements in this pandiagonal comes from two parts of the corresponding sum 
of the matrices which copies times and the corresponding sum of the elements of the matrix respectively. 2 ( ) mn A I 2n
As for the part of the corresponding sum of the matrices , where denote , this pandiagonal entries 
into
2 (  mn A I ) ijA
1 1,( 1) 2,( 1) 2,( 2) ,( 1) ,, , , , , ,   j j j j n j n jA A A A A A . Because each ijA is equal to the matrix , the elements in2n A(  mI ) 1 jA and
 come into being a pandiagonal of1,(A 1)j A . Then the sum of their elements is 2 2( 1) 22   n m m n m .The pandiagonal crosses 
such matrices n time, thus the sum of this part is 3 2 32  n m( 1n m m ) .
At last, consider the part of the corresponding pandiagonal of , where denote . Because of its elements starting with 
the fix element of (1 in
ij mb I ijB
, )t 1 jB  , clearly there are  elements of this pandiagonal in each of 
and  elements in each of
t
,(1, 2,( 1) ,1 ( 1), 1), , , ,  j j j j n jB B B B ,(, ,n B  (m ) t 1 1) 2,( 2) , ( 1),( 1) ,, , , , , ,   j j j n j n n jB B B B B . Therefore the 
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sum in this part can be divided into two lines: 
 
2
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( ) ( )
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j j j j n n ji j i
i
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t b t b b b b b   
          ;
 
2
1,( 1) 2,( 2) , ( 1),( 1) ,,
1
( )( 1
( )( ) ( )( )
2
n
j j j n j n n ji j i
i
n m t n
m t b m t b b b b b   
             ) .
Adding the two equations together, it follows that the sum of elements in corresponding to the discussed pandiagonal 
is
ijB
2( 1) 2mn n   . Eventually, 3 2 3( 1) 2   n m m n m 2( 1) 2mn n    2 2( 1)mn m n 2   , the sum of this pandiagonal is equal to 
the foregoing number. The derivations of leaving pandiagonals are the same. 
By analogy to the above, we demonstrate that C is a pandiagonal magic square.                                                                 QED 
Theorem3.2.3   If A  and  are symmetrical-pandiagonal magic squares of orders and  respectively. Then B m n A B C 
is a symmetrical-pandiagonal magic square of order mn  for ., 5m n 
Proof          From Lemma2.1, Lemma2.2 and the related discussion in Section2, it is known that magic squares of order five 
are the smallest which can be symmetrical and pandiagonal, hence, we study the case of odd order.  
By Theorem3.2.1, Theorem3.2.1, we now prove the central symmetrical property of . If weakening the restriction 
conditions of magic squares , we also recognize that each  is a magic square of order m with consisting of discontinuous 
integers. Because of the central symmetrical property of
C
ijc
2m
A and , there exist centrosymmetric elementsB 1 1
2 2
,m ma  , 1 1,2 2n n
b   of 
A and . Naturally, order of C is odd, and the central submartix isB mn 1 1,2 2m n m n
c   . Suppose sta and  are any 
pair of elements symmetrically placed about the center of
( 1 ),( 1 )m s m ta    
A , it follows that  
2
( 1 ),( 1 ) 1st m s m ta a m    
)k


                                                                                (5)               
Similarly, and  are any pair of elements symmetrically placed about the center of , it follows that  hkb ( 1 ),( 1n h nb     B
2
( 1 ),( 1 ) 1hk n h n kb b n      .                                                                                          (6)              
By our recursive construction of ,C sta and correspond to the element hkb
st
hkc  in so that the coordinate of C
st
hkc  is 
 ( 1) , ( 1)s h m t k m     ; and( 1a   ),m s ( 1 )m t  ( 1b ),( 1 )n h n k     correspond to the element  in so that the 
coordinate of  is 
( 1 ),( 1 )
( 1 ),( 1 )
m s m t
n h n kc
   
    C
( 1 ),( 1
( 1 ),( 1
m s m
n h nc
  
   
)
)
t
k
   1 ( ) ,h m 1m t   ( ) 1 1)n n k m mn m     (s h 1) ,m 1 (mn t k   m s  .
Obviously,  sthkc  and are an arbitrary pair of numbers of symmetrically opposite the center. 
( 1 ),( 1 )
( 1 ),( 1 )
m s m t
n h n kc
   
   
 Since 
                         ;                                  (7)  2 ( 1)sthk st hkc n a b   ( 1 ),( 1 ) 2( 1 ),( 1 ) ( 1 ),( 1 ) ( 1 ),( 1 )( 1)m s m tn h n k m s m t n h n kc n a b                
the sum of  
st
hkc  and  in C is
( 1 ),( 1 )m s m t   
( 1 ),( 1 )n h n kc    
2 2
( 1 ),( 1 ) ( 1 ),( 1 )( 1) ( 1)st hk m s m t n h n kn a b n a b               2 ( 1 ),( 1 ) ( 1 ),( 1 )( 2)st m s m t hk n h n kn a a b b           
                      2 2 2( 1 2) 1n m n     2 2 1m n  .
We completely show that C is symmetrical and pandiagonal with odd order , where .                                      QEDmn ,m n  5
Theorem3.2.3 can be used to prove the following corollary. 
Corollary 3.2.4      There exist large size symmetrical-pandiagonal magic squares of prime power order of type 
5 7 11 13 17 19s t p q u v  for any positive integer , , , , ,s t p q u v .
Proof        The symmetrical-pandiagonal magic squares of order 5 and 7 have been given in section4, the leaving magic 
squares of order 11,13,17and 19 are illustrated in [16] respectively.  Iterating the operations, we obtain the magic squares as above 
required.                                                                                                                                                                                        QED
As we known matrix calculation is the core of scientific and engineering and most of the scientific and engineering problems 
must be reduced to a matrix calculation problem, so the matrix eigenvalue problem becomes an important issue of today’s 
computational mathematics and engineering computing research all over the world. The large size symmetrical and pandiagonal 
magic squares obtained from Corollary 3.2.4, which are the special matrices with impressive properties, are more and more 
336  Dandan Xu et al. / Systems Engineering Procedia 2 (2011) 331 – 337
          
beneficial to improve the matrix eigenvalue problem in engineering computation.                                                                                              
4. Examples  
Refer to [16], we can get two symmetrical-pandiagonal magic squares of order 5and 7 as the next:        
Table1: an example of magic squares of order 5 
1 15 24 8 17
23 7 16 5 14
20 4 13 22 6
12 21 10 19 3
9 18 2 11 25
Table2: an example of magic squares of order 7 
16 22 35 41 47 4 10
48 5 11 17 23 29 42
24 30 36 49 6 12 18
7 13 19 25 31 37 43
32 38 44 1 14 20 26
8 21 27 33 39 45 2
40 46 3 9 15 28 34
Suppose A  and are both of order 7, using ways proceeded, a symmetrical-pandiagonal magic square of order 49 will be 
formed. If 
B
A  and  are order 5 and 49, we instantaneously gain such large magic squares of order 245.  B
5. Conclusions and future work 
Previously, we produce magic squares with remarkable properties based on the Kronecker compositional operations, and then 
extend these conclusions to generate large size magic squares. It is known that low order magic squares are difficult to form 
rather than high order magic squares qualified many special conditions. Thus, as our presented, new method showed in this paper
actually solve and improve a sort of complex magic squares constructions. Thinking of no existence of pandiagonal or 
symmetrical squares of single even order and the smallest existence of symmetrical-pandiagonal magic squares of double even 
order with is eight order, our discussions just confine in the case of odd order. Therefore double even order is waiting for 
investigations. 
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